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ON NONLINEAR DELAY DIFFERENTIAL EQUATIONS

A. ISERLES

ABSTRACT. We examine qualitative behaviour of delay differential equations of
the form
y'() =hy(), yat)), y(0)=yo,

where h is a given function and ¢ > 0. We commence by investigating ex-
istence of periodic solutions in the case of h(u, v) = f(u) + p(v), where f
is an analytic function and p a polynomial. In that case we prove that, un-
less g is a rational number of a fairly simple form, no nonconstant periodic
solutions exist. In particular, in the special case when f is a linear function,
we rule out periodicity except for the case when ¢ = 1/degp . If, in addition,
p is a quadratic or a quartic, we show that this result is the best possible and
that a nonconstant periodic solution exists for g = % or % , respectively. Pro-
vided that g is a bivariate polynomial, we investigate solutions of the delay
differential equation by expanding them into Dirichlet series. Coefficients and
arguments of these series are derived by means of a recurrence relation and their
index set is isomorphic to a subset of planar graphs. Convergence results for
these Dirichlet series rely heavily upon the derivation of generating functions
of such graphs, counted with respect to certain recursively-defined functionals.
We prove existence and convergence of Dirichlet series under different general
conditions, thereby deducing much useful information about global behaviour
of the solution.

1. INTRODUCTION

The conceptual point of departure for this paper is a proportional-delay vari-
ant of the familiar Riccati equation, namely

(1.1) V'(t) = by(t) + ay(qt)(1 — y(qt)), ¥(0)=yo,

where a, b, y,€C and ¢ >0, g # 1. Note that g € (0, 1) yields a retarded
equation, whereas ¢ > 1 results in an advanced equation. Our main interest
is in the retarded case, but, as some of the results can be readily extended to
advanced equations and others are valid only in the advanced case, we present
them without restricting ¢ > 0.

Existence and uniqueness of the solution of (1.1) follows easily in the case
g € (0, 1) by replicating the proof of the familiar Picard-Lindelof theorem.
On the other hand, the existence of the solution in the advanced case is wide
open and a matter of conjecture. It is known, however, that even in the linear
case y'(t) = by(t) + ay(qt) there might be an infinite number of solutions in
the advanced case g > 1 [5].
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Our interest lies in qualitative features of the solution of (1.1):

e Uniform boundedness: max;>o |y(f)| < oc;

e Asymptotic stability: lim,_ ., y(¢) =0;

e Periodicity: There exists 7 > 0 such that y(¢+ T) = y(¢) forall ¢t >0;

e Almost periodicity: For every ¢ > 0 there exists T;, liminf, o, 7; > 0,
such that |y(t+ T,) —y(t)| <e forall ¢t >0.
Frequently we are able to present our results in a considerably more general
framework. Thus, in §2 we explore the existence of periodic solutions to the
equation

(1.2) y'(t) = fy(t) + p(¥(qt)), y(0)=yo,

where f is an analytic function and p is a polynomial. As long as ¢ < 1,
existence and uniqueness of the solution can be again justified by extending the
Picard-Lindelof theorem. We prove in §2 that, unless ¢ is a rational number of
the form -’}, where / € {1, 2, ..., degp}, the equation (1.2) has no periodic
solutions. In the special case (1.1) we have p(x) = ax(1 — x), hence g must
be either an integer or half an integer. Moreover, if f is, like in (1.1), a linear
function then we prove that necessarily k = 1, / = degp. Frequently we
can prove this to be the best possible result. For example, letting a, b € R,
—1 <8 <1 weprove that there exists a periodic solution to (1.1) when ¢ = 1.

A particularly useful means to analyse the behaviour of delay differential
equations with the lag function 6(¢) = g¢ is an expansion into Dirichlet series
[3, 4]. Section 3 is devoted to brief introduction into global analysis of Dirichlet
series. This analysis is put into effect in §4, to explore solutions of

(1.3) y'(t) =h(y(1), y(qt)), y(0)=yo,
where h is a bivariate polynomial of total degree m and, without loss of gen-
erality, (0, 0) = 0. The Dirichlet expansion of (1.3) reads

(1.4) y(t)=">_ dre,
TET

where b € C\{0} and T is a countable set of indices. The coefficients dr
and arguments A7 can be defined by nonlinear recursion. Needless to say,
(1.4) is a formal expression, and our focus is on its convergence for ¢ > 0.
The main step in our analysis is in establishing that a very good choice of the
index set T is a subset of connected planar trees. With this interpretation,
the nonlinear recurrence is reduced to operation on graphs. Moreover, the
question of convergence is subsumed in the problem of analyticity of generating
functions, that count elements of T with certain features. In other words, we
use graph theory to explicate the behaviour of a functional differential equation
and algebraic combinatorics to analyse the aforementioned graphs...

The theory of §4 requires that the set {ir: T € T\{7,}}, where T, is the
unique tree with one vertex, be bounded away from 1. In §5 we explore a variety
of different equations (1.3) in regard to that feature.

The theory of this paper can be extended to more elaborate equations and in
§6 we focus on the rational equation

V(1) = by(1)

—I_W’ y(0) = yo,

where a, b,y eC.
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The approach of Dirichlet series has many advantages—knowledge of a
Dirichlet expansion is sufficient to explicate global behaviour of the solution,
provide realistic bounds on its growth and even help in its numerical modelling
—but also a critical shortcoming. To initialize the recursive procedure
{dr}reT, , We need to assign a value to a single coefficient, dr, , say. This
leads to an expansion (1.4) with the initial condition y(0) = > 7y dr. In
other words, the procedure produces a solution of (1.3) with some initial con-
dition but the theory falls short of proving that the ‘right’ value of dr, can be
selected for every yg in a specific subset of the complex plane. The most we
can claim is the existence of y* > 0 such that |yg| < y* results in a convergent
Dirichlet expansion. However, since y* is defined by restricting the magnitude
of dr, , it is provided only in an implicit fashion.

This paper lies no claims to resolve completely the question of the global
behaviour of even the simplest delay Riccati equation (1.1). For example, we
can prove that the zero solution is stable, say, for specific regimes of a, b € C,
but fall short of determining the basin of attraction with respect to yo € C.
Interestingly enough, numerical modelling by standard discretizations (in the
retarded case g € (0, 1)) affirms that stability is lost when |yg| becomes too
large. This implies that our analysis is on the right track and delivers the right
kind of qualitative information, but much remains to be done to resolve the
problem completely.

In line with §6, our theory can be extended to a wider range of similar prob-
lems. It requires a degree of care, since generality tends to interfere with con-
vergence estimates. Nevertheless, it may lead to powerful new results and will
undoubtedly be a subject for future research.

2. PERIODIC SOLUTIONS

The theme of this section is the existence—or otherwise—of periodic solu-
tions to the equation

(2.1) y'() = fy@)+py(gt), y0)=yeC,

where f is a given analytic function, p is an mth degree complex polynomial
and g > 0. Let us assume that (2.1) possesses a nonconstant periodic solution
and that 7 > 0 is the minimal period. Thus, y(¢t+ T) = y(t), t > 0, and this
implies y'(t+T)— f(y(t+T)) =y'(¢t) - f(¥(t)). We now invoke (2.1) to argue
that p(y(q(t+ T))) = p(y(qt)), t > 0. Changing the variable gt — ¢, we have

(2.2) p(y(t+4qT))=p(y(), t>0.

Lemma 1. There exist positive integers r € {1,2,..., m} and w such that
g="1.

Proof. Let xi(t) == y(t + kqT), k € Z*, and p(z) = Y[ opiZ', pm # 0.
Our intermediate aim is to prove that there exists s € {1, 2, ..., m} such that
x_y = .X() .

We rewrite (2.2) as

m—1
(2.3) (e —xbrhy =0,
1=
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Since f is analytic, so is y and we may deduce from (2.3) that either x; = xp,

t>0,or
zpm > xixi =0,

ip+i1 >0
ig+iy=I

We continue by induction. Thus, suppose that, for some s € {1,2,..., m—
1}, it is true that x; Z xo, k=1,2, ..., s, and that

m—s
(2'4) ZPIH Z xéox{' .. 'x;‘ =0.
1=l

B9, 01y, 520
fo+iy+-+ig=l

Note that we have already seen that, for s = 1, x; #Z xp implies (2.4).
Since xi(t) = y(t + kqT), k € Z*, we are allowed to step the indices of
Xg, ..., Xs up in (2.4) by one unit, hence

m-—s

B dedo =
Sows Y, xxbxly =0
1=0

Q0,01 e, is>0
dgt+iy+-+is=l

Subtracting (2.4) from the latter identity yields

m—s—1

(2.5) p1+s+1 (xfott — xfo*hxh. . xk = 0.
s+1 0 1 s

’0 > il PRI isZO
do+iy+---+is=/

Clearly, x;,1 = Xxp is a solution of (2.5). Suppose, however, that x;.; # Xxo.
Since y is analytic, so is x;, k € Z* . Therefore,

i_ Di+s+1 ;ﬁl(t) IOH( )xin(t) xk()=0
+5+ E i (1) =
1=0 io iy y s is>0 Xs+1(2) — Xo(2)

Io+iy+--+is=l
holds for t € 7 C [0, o), where J is a continuum. Thus,

Dits+1 S ——xi'xg =0

i >0 st T X0

fo+iy+--+is=l
Trivial manipulation affirms that this is identical to (2.4) with s replaced by
s + 1. This advances the induction one step.

The identity (2.4) cannot be true for s = m, since p,, # 0 and y # 0. Thus,

we deduce that x, = xo for some r € {1,2,..., m}. In other words, there
exists 1 <r < m such that

y(+rqT)=y(1), t>0,

and y is periodic of both period T and period rqT . However, it is trivial to
verify that if a function y is periodic of distinct periods 77 and T3, say, then
it possesses period |T; — T;|. Consequently, and unless rq is an integer, y is
periodic of period (qr —[qr])T € (0, T), and this contradicts our assumption
that 7 is the minimal period. Hence, ¢ is a rational number of the form
stipulated in the statement of the lemma. O
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Lemma 2. Let w and r be relatively prime. In the special case f(z) = fo+ fiz,
ie

(2.6) Y'(t)=fo+ hy(®) +p((qt)), »(0)=yo,

necessarily w =1 in Lemma 1. In other words, periodicity implies that q = %
for some re {1,2,..., m}.

Proof. We assume again that 7 > 0 is the minimal period. Since y is analytic,
so is its derivative. Hence the Fourier expansions of y and of y’ are both
pointwise convergent [6] and

2mint

YO =Y dnexp=r—, 120

nez

Substitution into (2.1) yields
’ 2mint
w():=y'(0) = fy() = 3 wnexp =5
nez

2nint 2nint

(2.7) =—ﬁ>+2( T —fn)dnexp T

nez

P 2ri(ky + -+ k))wt
=po+Y. o Y,  didi-dgexp ( T Dt

I=1 ki ky,.., k€L

Comparing coefficients in (2.7), we deduce that for every n € Z either y, =0
or there exist / € {1,2,...,m} and ki, k,, ..., k; € Z such that

I
rm=w)_ kj
j=1

w and r being relatively prime, the latter implies that w divides n. Hence

2ninwt
w(t) = % W €Xp ~—

and it is periodic of period 5 Our contention is that so is y. Because of
(2.7), it is clear that, unless n is divisible by w,

(zl;ﬁ—f,)dﬁo.

Thus, for this range of n, necessarily d, = 0, except that there might exist a
unique 7, say, such that f; = 2zif/T. We deduce that

y(t) =) dunexp an;wt +dj exp 2”}"’.
nez
Thus,
T 2mint
(2.8) y (t + E) = y(t) = Bexp—7—,
where "
B :=exp 2min_ 1.

wT
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Iterating (2.8) we obtain
2rint
T
Since T is a period, it follows that 8 = 0. Consequently, y is also periodic

of period 5 . Unless w = 1, this contradicts the assumption that 7 > O is the
minimal period. O

y(it+T)=y(t)+wpexp

Lemmas 1 and 2 can be combined to spell out the main result of this section.
Theorem 3. The equation
y'()=fy@)+p(»(qt), y0)=weC,

where q > 0, f is an analytic function and p is an mth degree polynomial,
possesses a periodic nonconstant solution only if q is a rational number of the
form g = 2, where r € {1,2,..., m}. Moreover, if f is a linear function

r°

then w=1. 0O

The result of Theorem 3 is frequently the best possible. Thus, suppose that
p is quadratic in (2.6). In that case (and excluding the no-delay case ¢ = 1)
Lemma 2 leaves out just one choice of g, namely g = % . The equation reads

Y'(0) = fo+ fiy®) +piy(5) + 020’ (), P2 #0.
Letting z(f) := y(¢) + 1(1+ p1), t > 0, we obtain
(2.9) Z'(t) = ap + arz(t) + Bz(3)(1 - z(%)),
where
ao=fo—s1+p)h+p)+i0+p)p2, ar=hH, B=-p.
We seek a solution of the form
z(t) = 1 + acos it + bsin At.

Substitution in (2.9) and comparison of coefficients results, after some manip-
ulation, in

ao+ Lar + 1 =1B(a* +b%),
bi=aja—-ip(a®-b*), -—ak=oyb- Bab.

It is straightforward to verify that the solution is

A=%ﬂm a=2%, b=i{£%+<1+¢%)(%-%)}m.

Needless to say, we require for periodicity a real value of 4, and this is the case

if and only if
Qo (03] 1 (03]
2— + <1+4—> (———-) > 0.
B B/)\2 B
In the special case ag = 0, periodic solution of the stipulated form exists for

(2.10) da

2 B<2.
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For example,
Z(t) = hz(t) + 2()(1 - 2(4)) = z(£) = L + L cos Y& 4+ V2 sin Y2 ;
Z(t) = —z() + 2(4)(1 = 2(4)) = 2(t) = 4 — L cos YL + Y3 sin Y3,

Of course, we make no claim that these are the only periodic solutions of
(2.9), that (2.10) represents the broadest possible range of parameters giving
rise to periodic z or that the only initial value that is consistent with periodicity
is z(0) = % + 2a;/p . Numerical results, however, support the conjecture that
all these statements might be true.

Similar construction can be sometimes extended to higher degree equations.
For example, long and tedious calculation verifies that the equation

Y(0) =po+p1y(E) +p2y?(4) + 03y (4) + pay*(h),  pa#0,

where
po= 12 _Llpps 1 p3 o lpps 113
" 8ps 32 p2 S12p3> T'T27p, 8p2’
and provided that 3p§ > 8pyps, possesses the periodic solution y(t) = a +
bsinAt with

D3 1 {3 . }‘/2 1 {3 . }
a=-23 p=+_{2p2_ . A=4——{2p2_

Computer experiments indicate that a periodic solution of (2.9), when it ex-
ists, is of a different nature to the familiar periodic solutions of ordinary differ-
ential equations. Firstly, it is unstable in the initial value and any z(0) = z #
%+2a1 /B, ao+aizo+Bzo(1—-20) # 0, appears to lead to an oscillatory solution
with asymptotically growing amplitude, which cannot be uniformly bounded.
Secondly, it is typical of periodic solutions of ordinary differential equations,
parametrized by their parameters, to occur at a Hopf bifurcation, when the
behaviour changes from an unstable to stable oscillation (or, in a phase space,
from an outward-oriented spiral to an inward-oriented spiral). As indicated by
numerical modelling, this is not the case for (2.9), when the parameter o,
say, is varied within a regime consistent with (2.10). If this is done for fixed
z(0) then periodicity occurs at a ‘transition’ from an unstable spiral to another
unstable spiral. On the other hand, for every such «; there exists, by our anal-
ysis, an initial value that gives rise to periodicity—in this strict sense, periodic
behaviour is robust.

Periodicity and tendence to a limit (the latter being the main theme in the
sequel) are not the only phenomena that can be encountered in the context of
delay equations. It is known [4] that the solution of the linear equation

y'(t) = iay(t) + by(qt), y(0)#0,

where a € R\{0}, b € C, |b| < |a|] and g € (0, 1), is an almost periodic
function [6]. Another phenomenon occurs when the equation (2.9) is solved at
the left end of the range (2.10), namely when o = —% B . Computer experi-
mentation indicates that, at least for ap = 0, f > 0 and z(0) € (0, 3), the
solution exhibits chaotic character. Figure 1 displays the solution of

3/2

(2.11) )= -z +2()(1-2(§),  20) =13
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FIGURE 1. The solution of z'(r) = —iz(t) + z(¢/2)
(1 -2(t/2)), z(0) = 1, for 0 <t < 10°. Horizontal
lines denote z=0 and z=1

The exact nature of the solution of (2.11)—and of solutions of similar equations
—1is at present a subject of ongoing research.

3. DIRICHLET EXPANSIONS

A Dirichlet expansion is (in general, countably infinite) linear combination
of exponentials [3]. Let

(3.1) f(o):=Y " dre?", 120,

TeT

where b € C\{0}, A7 > 0 and dr € C for all T in a countable set T.! We
assume that

(3.2) d* =) |dr| < .
T€eT
The purpose of the present section is to provide a brief review of asymptotic
features of Dirichlet series that are of interest in the remainder of this paper.
We do not dwell on the more usual applications of Dirichlet series, e.g. in
number theory [3].
Let A* :=liminfrerAr > 0. It follows at once from (3.1) and (3.2) that

(3.3) Lf()] < d*eReb t>0.

We deduce that (3.1) is well defined and bounded for all ¢ > 0. Moreover,
J*> 0 and Reb < 0 imply that lim,_. f(¢) = 0 and f is asymptotically
stable. However, A* > 0 is not necessary for asymptotic stability. The following
result generalizes a method of proof implicit in [3] to cater for the case A*=0.

1 Of course, we may assume without loss of generality that the index set T coincides with
Z*+ . This, however, is unhelpful to the analysis in the sequel. We demonstrate in §§3 and 4 that a
more ‘exotic’ form of T is advantageous, since it is more in tune with the recursive technique of
implicitly defining the arguments Az, T € T.
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Proposition 4. Let Reb < 0. Then lim,_, f(¢) = 0 and- f is asymptotically
stable.

Proof. We wish to show that for every small ¢ > 0 there exists ¢, > 0 such
that

(3.4) [f(0)] <e, t>t.

Since the sequence {dr}et is [, there exists a partition of T = T; UT, such
that T;NT, = &, T, is finite and

S |drl > d* - %
TET,
The latter inequality, A* > 0 and Reb < 0 imply that

Z dTebth

TEeT,

14
(3.5) <Y ldri<z, 120

TET,

Since T, is finite, necessarily A®) := minrer, A > 0. Consequently,

(36) Z dTeblrt < Z |dT|eReb}.(‘)t < d:«eRebl(‘)t’ t>0.
TET, TET,
Thus, choosing
. loge/(2d*)
¢ MeRebdb ’

(3.5) and (3.6) imply the inequality (3.4). Hence asymptotic stability. O
The behaviour of Dirichlet series is known also on their stability boundary.

Proposition 5. If Reb = 0 then y is almost periodic for t > 0.

Proof. According to a theorem of H. Bohr, almost periodic functions are
Lo[0, 00) limits of trigonometric polynomials [6]. In other words, y is almost
periodic if and only if there exist functions {y,}32, such that

e =3y dimeb¥'t pezr,
T€T,

where T, is of finite cardinality, and lim,_ . y!"1(¢) = y(¢) uniformly for all
t>0.
Since ), |dr| = d* < oo, we can choose finite sets {T,}32, such that

Z|d7|>d"‘—%, n=1,2,....

TET,
We let

ylrl(e) == Z drebt n=1,2,....
TeTin

Let SI":= T\TI"]. Then Reb = 0 implies that

() -yl < ¥ ldrl < %

Tesin
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uniformly for ¢z > 0. This implies that y is almost periodic. O
It has been demonstrated in [4] that the linear vector equation

Y () = Ay(t) + By(qt), y(0) =yo,

possesses an almost periodic Dirichlet series, provided that A4 is invertible,
maxRea(4) =0, p(4~'B) < 1, and y, is not orthogonal to the space spanned
by the eigenvectors of pure imaginary eigenvalues of 4. Much depends on
whether g € (0, 1) is rational, since in the latter case there exist rotational
almost symmetries in the ‘phase space’ (Rey, Imy). Many geometric features
of such solutions are reported in [4], others are subject of an ongoing research.

4. GENERAL EQUATIONS Y'(t) = h(y(t), y(qt)), h A POLYNOMIAL

It is easy to formulate necessary conditions for asymptotic stability for delay
differential equations, by following techniques intimately related to the standard
variational equation approach. Thus, consider the equation

(4.1) y'(t) =h(y(t), y(qt)), y(0)=yo€C.

Aslongas g € (0, 1) and 4 islocally Lipschitz in each of its variables, existence
and uniqueness of the solution can be deduced by standard methods. Moreover,
the set of all fixed points of (4.1) coincides with Z := {y € C: h(p, y) = 0}.
Suppose that # is smoothly differentiable in both variables and that y € #Z is
attractive. In other words, there exists J > 0 such that |yp — p| < J implies
that lim,_., y(¢) = p. Let &(¢) := y(t) — y and suppose that ¢ is sufficiently
large, so that |e(¢)| < n for all ¢ > gty . Substitution into (4.1) yields

(4.2) &(t) =@, Pet) + (@, Del@) +a(m"),  t>t.

Here h; and h, are the derivatives of 4 with respect to the first and the second
variable, respectively.
Truncation of the & (n?) term in (4.2) results in the pantograph equation

(4.3) v'(t) = bu(t) + av(qt),

where b = h(y, ) and a = h,(p, y). Asymptotic behaviour of (4.3) has been
determined in [4]:

1. If Reb <0 and |a| < |b| then lim,,,,v(¢)=0;

2. If either Reb > 0 or |a| > |b] then, as long as v(0) # 0, limsup,_,, [v(?)|
=0 ;

3. If Reb =0 and |a| < |b| then v is almost periodic;

4. If Reb <0 and |a| = |b| then, under a logarithmic change of variables,
v tends to an almost periodic curve. (The latter case has not been derived in
[4]. Tt will feature in a future paper.)
Hence, if Rehy(y, y) > 0 or |hy (P, ¥)| > |l (P, ¥)| then it is impossible for &
to tend to zero in (4.2).

Theorem 6. A necessary condition for y € # being an asymptotically stable
fixed point of (4.1) is that Reh (P, 9) <0 and |hy(¥, P)| < | (P, P)|. O

It is important to emphasize that there is nothing in our analysis to support
the view that the condition of Theorem 6 is sufficient for stability. The re-
mainder of this paper is devoted in the main to the exploration of sufficient
conditions for asymptotic stability.
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We next assume that 4 is a bivariate polynomial of total degree m,

m k
hu,v) =YY a uv*.

k=0 I=0

In the spirit of our discussion so far, we stipulate that #(0, 0) = 0 and that
the fixed point of interest lies at the origin, otherwise we subject y to a linear
transformation. Finally, we require b := a; ; # 0. In other words, the focus
of our attention is on the equation

m k
(4.4) Y'(1) = by(t) +ar,ov(q) + 3 Y a ¥ (0y*7'(qt),  y(0) =0, b#0.
k=2 1=0

Subsitution of the Dirichlet solution (3.1), that is y(f) = ¥y dreb!, into
(4.4) yields

(4.5)
b Z dT(lT - l)eblrt =4a,o Z drebqj‘rl
TEeT TET

m k l k
+ZZak,, z dTldTZ'--diCXp{b (Zln+q Zl]‘l) t}.
i=1

k=2 I=0 Tl ,...,TkGT i=l+1

As usual, an empty sum is assumed to be naught.

Let A := {A7: T € T}. We need to choose A so that each nonvanishing
exponential on the right of (4.5) can be matched with such an exponential on
the left. This gives rise to the following composition rules, which provide a
recursive definition of A.

1. 1eA;

2. If ke{l,2,...,m}, le{0,1,...,k}, (k,])#(1,1), ax,; #0 and
).Tl ,A.TZ, vy }“Tk € A, then

I k
(4.6) Y ir+q ) A €A
i=1

i=l+1

Proposition 7. Each A € A is a polynomial in q with integer nonnegative coef-
ficients.

Proof. Follows from the composition rules by straightforward induction. 0O

It is highly useful to identify members of the index set T with multiply-rooted
planar trees. We remind the reader that a tree is a connected graph G = (V , E)
where each two distinct vertices v;, v, € V' are joined by precisely one path
of edges from E and it is planar if distinct trees with the same topology (e.g.
mirror images) are counted separately [1, 2]. For the purpose of this paper we
define a multiply-rooted tree as the ordered pair (G, R), where the multiroot
R C V has the property that each vertex v € V\R is linked to exactly one
element of R by exactly one path, that does not pass through any other vertex
from R .2 We call such a path the principal path of v and extend this definition
to R by stipulating that the principal path of v € R is the zero-length path

21t is easy to prove that the restriction of G to R is itself a connected tree, consisting of a
single path. This plays no role in our analysis and is left to the reader.
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consisting of v itself. Principal paths define partial ordering on (G, R) (a
trivial extension of a monotone ordering of a rooted tree).

The order of a graph is the number of its vertices. We denote the order of
a multiply-rooted planar tree 7 by ord T and note that there exists a unique
such tree of order 1, T,, say.

We say that v € V is a top vertex if it does not lie on any principal path of a
vertex from V\{v}. In other words, a top vertex has no children in the partial
ordering of (G, R). Moreover, lenv denotes the length of the principal path
of atop vertex v e V.

Let W be the set of all multiply-rooted planar trees. We define two operations
on elements of W:

Addition. Let 7; =(G;,R;))eW, Gi=(V;,R),i=1,2,...,5,5s>2. We
stipulate that V;NV; =@ for i # j. Then

T=TI_T2__ITS=(G3R)9 G=(V3E)7

is defined as follows: G = U;_; G;, R = j_, R, whereas E = |J;_, E; UE,
and the set E, is made out of s — 1 edges linking the rightmost element of R;
to the leftmost element of R;,;, i =1,2,...,s. (Note that ‘leftmost’ and
‘rightmost’ are well defined for planar trees.) For example,

SRRV, 4

We observe that addition in W is not commutative and that ord T = ord T} +
---+ordT;.

Rooting. Given T e W, T' = (G', R'), G' = (V', E'), we define

TI
T=,=Rr, c¢=wp),

by letting ¥V = V'Uwv, say, where v ¢ V', R={v} and E = E, U Eg, where
E, C E’ is made up by removing any edges that are wholly in R’, whereas
Eg C (V', v) contains edges linking each element of R’ with v. For example,

SRV

We note that ord T =ord 7T’ + 1.

It is trivial to verify that W is closed under addition and rooting.

We map W into the set of polynomials in ¢ with nonnegative integer coef-
ficients by letting

(4.7) A= > g

v is a top vertex of T




ON NONLINEAR DELAY DIFFERENTIAL EQUATIONS 453

Note that the map 7 — Ar is an injection: in general, many members of W
are mapped to the same polynomial. We will return to this point in the sequel.

The composition rules may now be reformulated in tree terminology. Thus,
T is constructed out of elements from W such that

1. T, €T,

2. If ke{l,2,...,m},1e{0,1,...,k}, (k,])#(1,1), a, ;#0 and
T, T,,..., T € T then

Tij1 Tiye -+ Tk

(4.8) y
T=T—Ty—- - —T,

It follows at once from (4.7) that

(4.9) AT_Z,IT, +q Z At
i=l+1

Hence, by (4.6), this construction corresponds to the second composition rule.
We stress three important points. Firstly, not every element of W is bound to
appear in T. Secondly, many A7 ’s (even a countable infinity) may be identical,
although possibly with different coefficients dy. Indeed, the same element of
W might well feature several times in T. Thirdly, the exact contents of T
depend on m and on the set

(k. Diae 1 #0,k=1,2,...,m,1=0,1,....k,(k,])#(1, )}

These points, however cause no difficulty.
Let we ji=ax /b, k=1,2,...,m,1=0,1,...,k, (k,)#(1,1).

Proposition 8. There exist a function o: T — R, dependent just on q, and
functions

ﬂyyi,j:T_’Z+’ i=l’29”-amaj=0a 1)"'ai’(iaj)7£(1, 1):
independent of q and the coefficients a; ;, such that

i
@10 dr=—o=d ”(TH I «ly” rer

(i)
Moreover, B(T) is the number of top vertices of T € T.

Proof. Substitution of (4.10) into (4.5) affirms that the proposition is true, as
well as providing explicit recurrence relations for the evaluation of the under-
lying functions. Again, we follow the composition rules.

1. oTo) = B(T) =1, y,i(To) = 0 by definition.

2. Suppose that T € T, ord T > 2, is constructed from 7\, T5,..., T, €T
as in (4.8). Then it follows from (4.5) that

k
(Ar — Ddr = i, [ dr,

s=1
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and substituting (4.10) yields

T |

i=1 Jj=0
(i,])#(l,l)

© C BT T “ T
= k.l djzo:szlﬁ( )H H wzf=ly”( ).
[Ii=y o(T5) i=1
)

Therefore

k
@11) o7 =WUr-D][a(T);

s=1

k
(4.12)  B(T) =) B(Ty)
s=1

S 7 (T0): (i, J) # (K, D),
@13) 7, )(T) = S5 e (T + 12 (1, ) = (k, D),
i=1,....,m,j=0,...,10, (i,j)#1,1).
Hence (4.10) is true.
To complete the proof we need to demonstrate that S(7) is the number of

top vertices of 7. This follows at once by induction from the composition
rules and (4.12). O

Corollary. B(T) is the sum of coefficients in Ar. In other words, letting Ar =
Ar(q), it is true that Br = Ar(1).
Proof. A straightforward inductive argument applied to (4.9). O

We let

i

Ty:=Y > 7T, TeT.

i=1  j=0
(i, )#(1,1)

Proposition 9. The function o(T) can be represented in the form

¥(T)
oT) = [[Gs - 1),
r=1
where Si(T), Sy(T), ..., Syr(T) € T\(To}.

Proof. 1t follows from (4.1 1) that a(T) can be factorized as a product of the

form
w(T)

o(T) = H(ls,(r) -1),

r=1

where u: T — Z* obeys

(4.14) wTo) =1, wT)=) wT)+1,
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whereby, like before, T originates from 7, T3, ..., T; by the second compo-
sition rule. However, according to (4.12), (4.13) and the definition of y(T), the
latter function obeys (4.14). Since y and u obey the same recurrence relation
and share an identical initial value, they necessarily coincide. 0O

Table 1 (see next page) displays all distinct members of T of order < 4,
subject to the assumption that no coefficients a; ; vanish. Several important
features of our construction are illustrated by this table. Firstly, elements of
T are multiply-rooted planar trees together with their functions o and y! It
is perfectly possible (and, indeed, likely) for the composition rules to produce
identical members of W with different values of a and y. Thus, letting

T := I, T := o—o> T3 := I_.,

we obtain (subject to all the ‘right’ a, ;’s being nonzero)

I—o—-o = T—T,—T, (1(T)=2, o(T)=¢*-1)
= T—T, (1(T)=3, oT)=4¢*-1)
= T, (1(T)=3, oT)=q(¢* - 1)).

As long as the values of y and a are clear (or do not matter), we will continue to
refer to members of T as ‘trees’ and employ the same notation as for elements
of W. However, we must bear in mind that composition attaches two ‘labels’
to each tree.

Secondly, the same tree, with identical values of y and «, can be frequently
composed in a number of ways. Thus

T =o I o= T—T3= T—T, where Ty := ._I

We choose T, such that y(7;) = 2. In either case we obtain y(T) = 3,
a(T) = q(g* = 1). In principle, we could have dealt with this by allocating
multiplicities, but this is hardly necessary, since members of T are counted (in
Proposition 10) indirectly, by employing composition rules.

Thirdly, an identical value of A7 may occur repeatedly in T. For example
(which requires a trivial extension of Table 1), letting 75 := ¢ e o and
bearing in mind that y(75) is either 1 or 2, we obtain inter alia the following
T eT,all with A7 = 3¢q:

T, T, T,
a. azo # 0: = , ordT = 4,y = 1;

Ts

b. ajp,a33 # 0: \I/. = l , ordT =4,9r=2;
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Ts
c. aj0,az2 # O: \V = l , ordT =4,y =3;

T, T,
d. aj0,a33 #0: Iy = T,M ordT =5,77 = 2;
T,

e. ajo,a32 # 0: I—I—-I = Tl—Tl—l y ordT =6,9r=3;

f. a10,a33# 0: I—I—-I = N\—T—T;» ©ordT =6,vr =4.

More trees such that A7 = 3¢ can be composed, and this is left to the reader.

Table 1. All distinct T € W, ordT <4, m > 4,
with their Ar, a(T), B(T) and y(T) functions.

Y v v N L.

A=2q2 A=142¢ =1+42¢ =1+2¢ A=2+q
a=(29-1)(2¢%~1) a=2¢(2¢9-1) a=2¢(29-1) a=2q a=¢?-1
s=2 B=3 B=3 B=3 B=3
¥=2 =2 ¥=2 =1 =3
A=2+4¢ A=24q A=2+4¢ A=2+4¢ A=2+4¢q
a=g(¢>-1) a=¢?-1 a=q(¢3-1) a=¢?-1 a=q(g+1)
p=3 p=3 p=3 =3 =3
¥= =2 =3 r=2 =2
A=2+¢ A=2+¢ A=2+¢ A=3¢ A=3q
a=q(q?-1) a=g¢?-1 a=g(g+1) a=2(3¢-1) a=2(3¢-1)
B=3 =3 B=3 B=3 B=3
=3 =2 =1 ¥=3 =2
W *—o—0—o *—o—o0—o *—o—o—o
A=3¢ A=4 A=4 A=4

a=3¢-1 a=. a=6 a=3
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Table 1 (Continued)

ordT = 2: )Eq ::;
a=q-1 a=1
=1 p=2
=1 =1

ordT =3: A=¢? A=14¢ A=14¢ A=14¢ A=2q
a=(g-1)(¢*-1)  a=g¢(¢-1) a=g(q-1) a=gq a=2¢-1
p=1 =2 p=2 p=2 =2
=2 7=2 =2 =1 =1

*—o—o *—o—o

A=3 A=3
a=2 a=2
B£=3 B=3
¥=2 =1

ordT =4: A=¢? A=14¢2 A=1+4¢? A=14¢2 A=2q
a=(g-1)(¢*-1)  a=¢*(g-1)(a*-1) a=¢*(¢-1)(¢*-1) a=¢*(¢-1) a=(q-1)(29-1)

X(qa—l) p=2 p=2 p£=2 p=2
Bg=1 =3 ¥=3 y=2 =2
¥=3
A=g+¢? A=q+q? A=g+¢? A=q+¢? A=g+¢?
a=q(q-1) a=(g-1)(¢*+g-1) a=g(¢-1) a=(g-1)(¢*+9-1) a=q(¢®+9-1)
(e*+q¢-1) B=2 (9%+9-1) B=2 B=2

B=2 ¥=2 B=2 =2 ¥=2
=3 b=3

It should be obvious by now that an important distinction needs to be drawn
between B(T) on the one hand and y(7) and «a(7T) on the other. Whereas
B(T) is a structural property of T € W and can be deduced directly from
the tree (and, indeed, from Ar), y(T) and «a(T) depend on the derivation of
T € T by a specific sequence of composition rules—indeed, an intuitive meaning
of y(T) is as the number of composition that have been required to produce
TeT.

Let us suppose that there exists 7 = n(q) > 0 such that

(4.15) |Ar = 1| > 1, T € T\{T.,}.
Therefore, by Proposition 9,
1
<p D, TeT.
()] ="
We set

o:=max{|lw; j|:i=1,2,...,m,j=0,1,...,i,(,j)#(,1)}
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and use (4.10) to deduce the inequality
(4.16) |dr| < |dr, [P (a /)
Inequality (4.16) is important to our goal of bounding
=" ldrl.
TET
To that end we partition T into the sets
By,s:={T €T: B(T)=n, y(T) =s},
where n=1,2,... and s=0,1,.... Let M, ; be the number of elements
in B, ;. Note that many M, ;’s equal zero, but this creates no problems

whatsoever.
According to (4.16), we have

)'
r ey (2)”
(4.17) rer
=33 ldn " (%) = \dr,|M(ldr|, o/n),
n=1 s=0
where

o0
2 My "y

In order to take advantage of (4 ( ) in the context of the analysis of §3,
we require (X, y), where X = |dr,|, J := a/n, to lie inside the domain of
convergence of the Taylor series of M . Thus, our next step is to take a closer
look at the bivariate function M . This will be done in several stages. In the next
three propositions we assume that all the underlying sums absolutely converge.

'—H.M8

Proposition 10. Forevery n=1,2, ...
(4.18) My 0=0n,1,

m k
(419) M, <>k Y > IIMi.  s=1,2,...

k=1 iy, ig21 Jise, k20 r=1
iyt tig=n ji+-+jr=s—1
Proof. It is a straightforward consequence of (4.13) that there is justone 7 € T
such that y(T) =0, namely T, . Since f(7,) =1, this proves (4.18).
To prove (4.19) we observe from (4.5), (4.12) and (4.13) that any T €

B,s, s > 1, ‘originates’ from some T,T>,..., Ty, where T, € B, j ,
r=1,2,...,k, and Z ir = n, Y% j, = s—1. Moreover, by al-
lowing k and ! to range in {1 2 ...,m} and {0, 1,..., k} respectively,

(k, 1) # (1, 1), we can recover in this manner all T € B, ;. This proves the
required inequality. O

Let us define recursively for n=1,2, ...
M;’o = 6,1’],

k
(420 M =% Y Y [IM,. s=1.2,...
k=1

iy k21 Jiye, jk20 r=l1
I+ +ig=n ji+-+jr=s—1
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We may deduce at once from (4.20) and Proposition 10 that

(4.21) M(x,y) < M*(x,y) ZZM;{’Sx"‘Iys, x,y>0.
n=1 [=0

Our next result is a technical lemma that, in all likelihood, is already well
known. However, as its proof is absolutely straightforward, we include it for
completeness.

Proposition 11. Given integers k > 1 and r > 0 and sequences {oy s: 1 =
1,2,...,k,s=r,r+1,...} and assuming that all underlying sums absolutely
converge, it is true that

oo k k 0o
(4.22) >y Ha,,j,=[[(za,,x).
S=I iy, i2r I=1 I=1 \s=r
Jitetjie=s

Proof. The identity (4.22) is trivial for k = 1, whereas for k£ > 2 we have,
after changing the order of summation,

00 k
> > e
S=T iy, k20 I=1

it =S

s—(k=1)r s—(k—=2)r—ji §—r— 2,1 Ji

Sy Y - ¥ (1:[0"1') =X

s=ro ji=r Ja=r Jk—1=r

DD DY (Halh)ksz_lji

obey the recurrence relation

(4.23) A (x) =

k
(424) AZ(x)=D kxkt Y [ x),  s=1,2,....

k=1 Jroees k20 =1
Ji+ 4 =s—1

Proof. Whereas (4.23) follows at once from (4.18), we prove (4.24) by multi-
plying (4.20) by x"~! and summing up for n =1, 2, ... . This gives
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[e <] m
’/ZS*(x =an IZ Z Z H i, i
n=1 k=1 S22l e, k20 =1

l]+ +ik=nj|+ +jk=3 1

NN | U

Il
NE

k=1 ]| Jk>0 n=1 i, lk>11 1
j|+"'+jk=S—l i.+~~~+ik=n
We now use Proposition 11 (with r =1 and o, ; = M} x~1) to argue that

the recurrence (4.24) holds. O

Proposition 13. Given that x, y > 0 are sufficiently small, the function M*(x, y)
is the unique zero of the polynomial

m
Oxy(t)=1—1+y > kx =1
k=1
1= (m+ 1)(xt)" + m(xt)™+!
(1 —xt)? ’

=1—t+yt x,y R,

that obeys M*(0,0)=1.

Proof. Since M*(x,y) = Y o0 A (x)y*, we multiply (4.24) by y*, sum up
for s=1,2,... and add (4.23). This results in

M (x,p)=1+) 3 kxtlys % H *(x)

s=1 k=1 Jises k20 I=1
Jit +jk=s 1
=Ly kY Z H e
k=1 s=1 ji,ee, k20 1=1
J|+ +jk=$

We next employ Proposition 11 with r =0 and o ; = #* (x)y! to argue that

M*(x,p)=1+p> kx}¥=1(M*(x, y))*.
k=1

Therefore 05 ,(M*(x,y))=0

As x,y —» 0, m—1 zeros of 0, , travel to infinity and one to 1. Since
M*(0, 0) = 1, it is the latter that is identified with A*. This identification is
valid sufficiently near to (x, y) = (0, 0), since 6; ((1) #0. O

Note that, because of (4.21), existence of a convergent Taylor expansion of
M* at (x,y) € R* x R* implies that this is also the case with M . The latter
in turn proves, by virtue of (4.18), that the Dirichlet series converges.

Of course, we are interested in (x, y) € Rt x Rt away from (0,0). It
follows from standard theory of analytic functions that the bivariate Taylor
series for M converges (to the correct zero of 6y ,) for all (x,y) € &,,
where the set &, is the intersection of R* x R* with the natural projection of
the largest connected portion of the sheet of the covering Riemann surface of
0y, that crosses (0, 0) at =1 and excludes branch points and branch cuts.
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In other words, &, is the largest subset of the nonnegative quadrant such that
for every (x,y) the solution # , of 0x ,(tx,,) = 0 possesses a convergent
Taylor expansion and there exists a unique analytic continuation from #, o = 1
10 Iy .

A lgng but straightforward method to produce ¥, is as follows: the bound-
ary of the set is either one of the lines x = 0 or y = 0, or it must be a
branch point. 3> To determine the latter, apply the Euclidean algorithm to the

polynomials
m
(4.25) Ocy(t)=1—t+y) kxk-ltk,
k=1
m—1
(4.26) 0, ,(0)==1+y > (k+1)2xkk.
k=0

This results in a high-degree bivariate polynomial, G,,(x, y), say. All points of
(x, ) € C? such that Gm(x, y) = 0 are branch points of 6, ,. This defines a
family of curves. The set &, is the largest connected portion of R* x R* that
contains (0, 0) and excludes all solutions of G,,(x,y)=0.

In the simplest nontrivial case m = 2 we have

Gy(x,y) = (1-y)* - 8xy,
therefore
GH={(x,y):0<xy<i(1-y)?,0<y<l1}
Likewise, a slightly more substantial calculation affirms that
Gi(x, y) =8y3 — 76xy? + 243x% — 28y? + 108xy + 32y — 12
and

- : 2 _ (9 - 5y)
%—{(x,y).05x<m(l9y 27 + 5 ,0<y<1).

Larger values of m require symbolic manipulation. Thus, for example,
Ga(x, y) = 3031040x3y? — 1706995x2y> + 418100xy* — 37000y
+ 10911744x3y — 4440222x2y? + 410700xy> + 40700y*
+ 6137856x%y — 3127536xy? + 309320y° + 2925072xy
— 880452y% + 855144y — 287712.

Since the Taylor coefficients of M* are all nonnegative, the domain of con-
vergence decreases with m . Letting m — oo in the definition of 6, , we thus
obtain a lower bound on the set %, . In other words,

G C CE SO

To evaluate %, we note that

lim 6, (1) =1 -1+ —2 Ixt| < 1,

m—o0 (1 -x1)?’

3 The phrase ‘branch point’ is a misnomer in the present context, since these points are not
isolated and they lie along ‘branch curves’.
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)
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FIGURE 2. The sets %, for m=2,3, 4,

therefore
Goo(x, ¥) = 4x3 — x%y — 12x2 + 20xy — 4y + 12x + 8y — 4.

Simple calculation affirms that

. 1 2_ ./
?oo={(x,y).05x§1,05y5§(8+20x—x - x(x+8)3)}.

Figure 2 displays the sets &, for m = 2,3,4 and m = oo, the scale
being 0 < x < % , 0 <y < 1. All these sets are consistent with the assertion
(which, in its generality, is a tentative conjecture) that the boundary of %,
in {(x,y): x,y > 0} is a strongly concave, strictly monotonically decreasing
curve, rapidly tending from above to the corresponding portion of 4%, .

For all m > 2 and small x > 0 substitution into (4.25) and (4.26) yields

‘1 2
x:“syy) +o(x?), O0<y<l,

as the boundary of %, . Thus, asymptotically for small x, &, is similar to %
and, more importantly, for every y € (0, 1) there exists 3,,,, > 0 such that
(x,y)e&, forall xe[0, D ,).

Likewise, asymptotics, consistent with our conjecture, are available for x >
1. We assume that y ~ yx~™*! for some y € R. Substitution into (4.25)
and (4.26) yields 1 —t+myt™ = o(1) and —1+m2yt™! = o(1) respectively.
It is now easy to execute the Euclidean algorithm explicitly and derive y =
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(m — 1)"=1/mm+1 Thus, for x > 1 the ‘upper’ boundary of %, is

1y, (m=1m!
xm mm+|
As m — oo, this portion of %, shrinks, ultimately disappearing in the bounded
set & .

As long as (%, y) € Z,,, we can be assured that the Taylor series for M
converges, hence d* can be bounded by (4.17). This, together with the theory
of §3, provides useful information on the asymptotic behaviour of (4.4).

Theorem 14. Suppose that there exists n > 0 such that |Ar —1|>n, T # T,,
and that

(4.27) (1dTs|, a/n) € Gn.

Then a solution of the equation (4.4) can be expanded into convergent Dirichlet
series for all t € [0, t*) for some t* > 0. Moreover, if Reb < 0 then t* = 0
and

a. If Reb < 0 then the solution is asymptotically stable;

b. If Reb =0, b #0, then the solution is almost periodic.

Proof. An immediate consequence of the theory of §3. O

Note a major drawback in the last theorem, namely that, unlike a Taylor
expansion, a Dirichlet expansion is, in general, difficult to match with an initial
value. Thus, to generate a Dirichlet expansion we need to choose dr, € C,
and this, in tandem with the recurrence (4.5), leads to A and to Dirichlet
coefficients & := {dr}rer. Finally, provided that & is known, we can recover
the initial value y(0) = ) ;.rdr. Hence, not much can be deduced from
Theorem 14 in the event when y(0) is given a priori.* However, the recurrence
(4.5) being homogeneous, d7, = 0 implies y(0) = 0 and, by continuity, small
|dr,| corresponds to small |y(0)|. Suppose that ¢ < 5, hence y € (0, 1). It
has been already proved that for every m > 2 and every y € (0, 1) there exists
O,y > 0 such that ([0, Oy ,), y) C &, . In other words, provided that |y(0)|
is sufficiently small, (4.27) holds.

Theorem 15. Suppose that Re b < 0, that there exists n > 0 such that |Ar—1| >
n, T #T, and that

max{lai,jl: I = l’ 2’ cees m,j=0, l’ ceey ia (la.])#(l’ 1)}<’7|b|
Then there exists y* > 0 such that for all [y(0)| < y* the solution of (4.4) is

asymptotically stable (if Red < 0) or almost periodic (if Reb =0, b #0). In
particular, if Reb < 0 then 0 is an attractive fixed point of (4.4). O

4 The linear case m = | is an exception, since then the map dr, — y(0) is linear and invertible

[4].
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The existence of n > 0 is critical to the last two theorems. It will be de-
bated further in the next section where we demonstrate that, unfortunately, the
assumption requires a restriction of the range of ¢ > 0.

5. ON THE EXISTENCE OF 7 > 0

We commence this section by considering the equation

m
(5.1) Y'() =by(t)+ Y ar,0v*(q1), ¥(0) =yo.
k=1
The set T can be now derived in an explicit manner, sinceeach T € T, ord T >
2, must be obtained by rooting a sum of / € {1, 2, ..., m} members of T,
ie.
Tl T2 e o0 Tk
T =
Consequently,
k
(5.3) Ar=q)_Ar,
s=1

The equation (5.1) is singled out by the fact that, unless / = 0 in (4.8), the
underlying dr must vanish. It is straightforward to deduce that T encompasses
all connected, m-ary rooted planar trees. Table 2 displays all members of T of
order < 5 in the case m =3

Lemma 16. Suppose that a;, ;=0 forall k > 1 and | > 2, hence that (4.4)
reduces to (5.1). Then

a. If0<g< L then 0<ir<mg<1 forall T € T\{T.};

b. If # < q <1 then 1 is an accumulation point of the set A,

c. If 1<q then A1 >q > 1 forall T € T\{0}.
Proof. We already know that T is in the present case the set of all m-ary rooted
planar trees.

Let firstly g € (0, #]. We prove that A7 < mq by induction on ord7 > 2,
noting that A7 = ¢ < mq for the unique 7 € T of order 2. Let the statement
betrue forall Te T, 2<ordT < n-1 and suppose that ord7 = n and

that T is constituted by rooting the sum of 7, T3, ..., Ty asin (5.2). Since
ordT, <n-1, s=1,...,k, it follows by induction and (5.3) that
ir<gl ) mg+ > 13<mq.
ord T;>2 ord T;=1

In the case of g € [#, 1] we commence by proving that for every s € Z*
and r € {1,2,..., mS} there exists T € T such that Ar = rq°. This will
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Table 2. Al Te T with m=3 and ord7T <5

ordT =1: °
o(T)=0
ordT =2: I
e(T)=0
ordT =3: I v

e(T)=0 e(T)=1

| VRV IRRNY

PT)=0 ¢(T)=1 ¢T)=1 ¢(T)=1  T)=2

o 'R,

e(T)=0  o(T)=1 (T)=1  (T)=1 e(T)=1

Vo b

o(T)=1 o(T)=1 o(T)=2  ¢(T)=2 P(T)=2

v Y

oT)=2 ¢(T)=2  ¢(T)=2

—~

be done by induction on s, noting that the statement is true for s = 0 since
Ar, = 1. Assume the validity of the statement for s — 1, hence for every

i=1,2,...,m! thereexists 7; € T such that A7, = ig°~'. We form a new
tree T by appending arootto T;,, Tj,, ..., T in a manner identical to (5.2).
Here m' € {1,2,...,m} and 1 <i; < i) < -+ < Ipy < m*~!. Therefore

T €T and, by (5.3),

ml
)-T = q*‘ Z I je
J=1
It is straightforward to verify that

@ (0, 1,....,m'}={0,1,..., m}.

m times
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Consequently

ml
Y ipl<ii<ip< o <iw<mT'm' <mj={1,2,...,m'}
j=1
and T such that Ar =rg° existsforall r=1,2, ..., m".

Since mg > 1 and g < 1, there exists for every s > 1 a number r; €
{1,2,...,m* — 1} such that 1 € (r,q*, (rs + 1)¢°]. Thus, for every such s
there exists a tree T} € T such that |i7» — 1| < $¢° and 1 is an accumulation
point of the set {Ar::s=1,2,...}CT.

Finally, let ¢ > 1. To prove that A7 > g when ord T > 2 it is enough to
note that, by (5.3), the polynomial A7 is a multiple of ¢ with integer nonneg-
ative coefficients, not all of which may vanish. This completes the proof of the
lemma. 0O

Corollary. Expanding (5.1) into Dirichlet series, we may choose n = 1 — mq
forq< L oand n=q-1forg>1. O

The functions B(T) and y(T) can be evaluated explicitly for (5.1). Let the
fertility frtv of a vertex v € T, where T € T, be defined as the number of its
children. We set

o(T):= Y (frtv—1),, TeT.
v is a vertex of T
Proposition 17. Forevery Te T B(T)=¢(T)+1 and y(T)=ord T — ¢(T) -
1. O

The proof follows directly and in a straightforward manner from composition
rules in §4 and is left for the reader.

Next we consider the equation (4.4) under the assumption that there exist
1<k<m,2<I!<mand | <p</ suchthat a; o, qa;, # 0. This is an
almost complementary situation to the case (5.1).

According to (4.8), we have

W T, vos Tk

(5.4) \/
ThWI15...,TteT = €T,

(5.5) N L R |
Tl)TZa-.-,TIET = TI—T2——"°_TPX/€T.

Lemma 18. Subject to the aforementioned conditions and stipulating that q < i— ,
necessarily either 1 is an accumulation point of A or there exists T € T\{T,}
such that Ar =1.

Proof. For every &€ > 0 we use the rules (5.4) and (5.5) recursively to construct
A; C A that contains an element in an &-neighbourhood of 1.
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Let r and s in Z*. We set T := T, and use (5.5) to generate

T, T, eee T,

TG+ — T(J')—To""""""ToX/, j=0,1,...,r-1

Since Ay =1 and
Argey =Ariy + (0= 1)+ (I -p)g, j=0,1,...,r-1,
it follows that
Aro=((p-1)+{-p)g)j+1, j=0,1,...,r

Next we use (5.4) s times, letting

TG TG ... T0)

TG+ . \/

Since

, j=rr+l,...,r+s8-1.

Arisy = kqhro) , j=r,r+1,...,r+s-1,
it follows that
(5.6) Arews = (k@) ((p = 1) + (I =p)g)r +1).

Let T, s :=TU+), r,s € Z* and set A;:={A7, ,;:r € Z*}, s € Z*. Thus, if
kq=1 then ix, , =1, Ty s # T, for s > 1 and the lemma is true. Otherwise,
the assumption kg < 1 implies that Ay, < 1, whereas, by (5.6), iz, > 1
for sufficiently large r. Moreover, the elements of Ay, ordered by r, form a
monotonically increasing equidistant sequence,

Ay, —An, = (kg)’(p—-1)+(-p)q) =¢ >0,

say. Since kg < 1, sufficiently large s makes ¢; as small as required. Thus,
for every & > 0O there exists s, such that for all s > s, there is a member of
A; C A in an é-neighbourhood of 1. 0O

The import of Lemmas 16 and 18 is that Dirichlet expansions frequently fail
when g € (0, 1). Thus, in Lemma 18 it is only natural to choose k > 1 as the
least index such that a; ¢ # 0. For example, if a; o # 0 then Dirichlet series
fail for all ¢ € (0, 1).° The disappointment is somewhat obviated, since it
is easy to prove that Dirichlet expansions exist in the advanced case ¢ > 1.
This has been already demonstrated for a special case in Lemma 16, but a more
general result is easy to derive.

5 Of course, the last statement requires m > 2. If m = 1 and the equation is linear then
Dirichlet series exists for every g € (0, 1) [4].
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Lemma 19.

a. ¢ > 1 implies that At > min{2, q} forall T € T\{T.}.

b. If ¢ >2 then A >ordT forall TeT.

c. If ay x #0 for some k € {2,3,..., m} then for every n > 1 such that
(n —1) is divisible by (k — 1) there exists T € T such that Ar =ordT =n.

Proof. We prove the first statement by induction on ord 7 > 2. Table 1 affirms
that it is true for ord T = 2. Let us suppose that T € T has been derived from
T, T,,..., T; via (4.8). Hence

(5.7) Ar = ZAT +q Z Ar,.

i=l+1
Note that ordT; < ordT for i = 1,2,..., k. Moreover, Ay > 1 for all
TeT,since g >1and A #0 isa olynom1al with nonnegative integer
coeﬂic1ents in q. Therefore, [/ € {1, 2 — 1} and (5.7) imply that

Ar>q min Ar >gq.
T_q1+15i5k T.=4

On the other hand, in the case [/ = k, there are two possibilities. Firstly, if
T,=T,, i =1,2,...,k, then (5.7) gives Ar = kAr, = k > 2, whereas
if T; # T, for some j € {1,2,..., k} then we use (5.7) and the induction
assumption to argue that

Ar > Ar; > min{2, g}.

This completes the proof of our first assertion.

To prove that A7 > ord T for g > 2 we again use (5.7) and induction on
ord T . The statement is true for ord 7 = 1, since A7, = 1 = ord T, . Otherwise
T must have been derived from some T, ..., T, € T as in (4.8). Hence, by
(5.7), g > 2 implies that

If / <k —1 then, by induction,

k k
er,.z ZordT,-zl,

i=l+1 i=l+1

therefore (again by induction)
k
Ar > ord T+ 1.

i=1
Since I <k-1,

k
ordT=Zord7‘i+ 1
i=1

(since exactly one extra vertex is added by composition) and this proves the
inductive step. In the remaining case, / = k, we have by induction
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k k
Ar=Y)Ar,2) ordT; =T,
i=1 i=1

because no vertices are added in the composition. The proof of the second part
of the lemma follows.
Finally, to prove the last assertion, we let 79 := T, and define by induction
k—1 times

TUH) =T T, T, — .. — T, , j=0,1,....

Since ay x #0, we have TU+D € T. It follows easily by induction that Ay =
ordTU) = j(k — 1)+ 1, j € Z*. This completes the proof of the lemma. 0O

The implication of the last part of the lemma is that in most cases the bound
Ar > ordT for g > 2 is the best possible. However, the main significance of
Lemma 19 is in establishing that we may take # = min{l, g—1} > 0 whenever
g > 1. Needless to say, the larger the value of 7, the more powerful are the
results of §4.

The set T and the functions # and y can be worked out explicitly in special
cases and we have already seen this for the equation (5.1). Herewith we consider
two further examples. Firstly, the equation

(5.8) Y'(t) =by(t) + a3 2y*(t) + a1 0¥(qt),  ¥(0) = yo.

Asserting a; o, a2,2 # 0, we have

T
Th,T €T = Tf‘"Tz,l €ET

and it is an easy matter to deduce that T = W, the set of all multiply rooted
planar trees.

To gain intuition on § and y we examine in Table 3 all members of T of
order < 4, together with the corresponding values of y. For brevity, the value
of B is not listed, but in all these instances it is consistent with the identity
B(T)=ordT - y(T).

Proposition 20. In the case of the equation (5.8), the value of y(T) for every
T €T equals the number of vertices of T that possess children, whereas B(T) =
ordT — y(T).
Proof. Let ¢(T) denote the number of vertices of T that possess children and
let x(T):= B(T)+ y(T). Hence

1. o(To)=0, x(T)=1;

g. T=T-T, - ¢o(T)=o(Th) + ¢(T2), x(T) = x(T1) + 2(T2) ;

T,
T=b oo =o@)+1, (1) = 2(T) +1,

and we deduce that, whilst both functions share the same recurrence relation
with y(T) and ordT, ¢ is consistent with the initial value of y, whereas
x(T,)=o0rdT,. O
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Table 3. All T €T, ordT < 4, for equation (5.8)

ordT =1: °
1T)=0
ordT =2: ~—e I

1T)=0 (T)=1

ordT =3: *—o—o
T)=0

A\l
1(T)=1
ordT =4: —eo—o0—o W o—I—o o—o—I
1T)=1 ‘

7T)=0

v. &Y J

1(T)=1 1T)=1 1(T)=2 T)=2 T)=2

LJLI

AT)=2 (D)= 1(T) = 7T)=3
Our next—and last—example is the equation
(5.9) Y'(1) =by(t) + a2,1y()y(q1),  »(0) = yo.
We assume that a; ; #0.

Proposition 21. If T € T for (5.9) then necessarily ord T is odd.

Proof. Clearly, ordT, = 1, an odd number. We continue by induction. The
only extant composition rule is

T
5.10
( ) T, J2€T = Tl—l €.

Therefore ord T = ord T} + ord 7> + 1, and, provided that ord 7; and ord T2
are odd, sois ord7. O

Table 4 displays all members of T of order < 7.

Proposition 22. Let T €T, ordT =2n+ 1. Then B(T)=n+1, y(T)=n.

Proof. Let us suppose that ord 7; = 2k; + 1, k; + k = n — 1 (recall that, by
Proposition 21, all T € T have odd order). Then, by the composition rule
(5.10) and induction on 7,

B(T)=B(T)+B(T)=(ki+ 1)+ (ka+1)=n+1;
Y1) =yp(T)+y(Th)+ 1=k +k+1=n. Q.ED.
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Table 4. All T € T for the equation (5.9) with ord7 < 7
ordT =1: °

ordT =3: ._I

e N1
RN\ Gt STV IV Y

Proposition 23. Let T € T, ordT = 2n + 1. Then tkere exists a polynomial
pr Wwith nonnegative integer coefficients such that pr(0) is a positive integer and
a(T) =q"pr(q).

Proof. We recall that each T € T is of odd order, and assume again that, for
n>1, T is obtained from 7, and 7, as in (5.10). Therefore,

(5.11) Ar = A1, + 4t
and we deduce that A7 = 1+ @(q), g — 0. Moreover,
(5.12) a(T) = (Ar — De(T)(T2).

The statement of the proposition is true for » = 0 and we continue by
induction. Given n > 1, (5.11) and (5.12) yield
a(T) = (A1, + 941,)9" p1,(9)4%p1,(9) = (Ar, + 9A1)a" ' p1,(9)P1,(9).
Moreover,

lim ¢~ '(Ar, + gAr, — 1) = lim ¢7'(1+2(q)) +q(1 +&(q)) - 1) = (1),
g—0+ q—0+

therefore ¢7"a(T) =&(1), ¢q — 0, and

(5.13) pr(q) = (

At —1
LI +/1T2) 1, (q)p1,(q).

Finally, it is easy to demonstrate that pr(0) € {1, 2, 3, ...}. Since each Ar
is a polynomial in ¢ with nonnegative integer coefficients and Ar, =1+ (1),

it follows that A 4
lim (T_l +,1T2) - U

1
q—0+ d q +

q=0

is a natural number. Hence, and since pr, = 1, an induction on (5.13) affirms
that pr(0) is itself a natural number forall Te T. O
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Substitution into (5.9), in tandem with the last two propositions, affirms that
1 n
dr = Ldy. (d””) ,
pr q

where ord7 =2n+1 and w =a, ,/b. Moreover, pr(q) > 1 forall T €T,
and we deduce that

d n
(5.14) dr| < |dz.| ('Tq—“") .

Let us denote by D, all T € T of order 2n + 1. According to Proposition 21,
T = U,cz+ Dn . We let M, stand for the number of elements in D, . Then, by
(5.14),

(5.15) d* < |dr,|1M(ldr,0/q),
where oo
= Z A?,,x”
n=0
Proposition 24. The Taylor expansion of M converges for all |x| < % and
(5.16) Mx) = LYo i

Therefore, M, = (2n)!/(n!(n + 1)!).
Proof. Suppose that T € D,, n > 1 has been obtained from (5.10). Hence

there exists k € {0, 1,...,n—1} such that T} € Dy, T> € D,_s_; . It follows
that
My=Y MM, iy, n=1,2,...
k=0
Multiplying the last expression by x”, summing up for n = 1,2,... and

adding My = 1 readily yields
o n—
M(x)=1+ ZZ M,_i_1x" =1 + xM?(x).
n=1 k=0

It follows that M is a solution of the quadratic equation xt*—t+1 = 0. Since
M(0) =1, it follows that M(x) = (1 —+/1 —4x)/(2x), with the radius of con-
vergence % . The remainder of the lemma is a consequence of a straightforward

Taylor expansion of the square root function. 0O

Theorem 25. For every |dr,| < q/(4|w|) the Dirichlet expansion of the equation
(5.9) converges in an interval of the form [0, t*), where t* = 0o if Reb < 0.

Proof. A straightforward consequence of our analysis and of §3. O

As before, we can deduce from the last theorem that Re b < 0 implies asymp-
totic stability, whereas Reb =0, b # 0, implies almost periodicity. Likewise,
rephrasing in terms of y(0) rather than dr, , we can deduce asymptotic stability
or almost periodicity, as the case might be, subject to |y(0)| being sufficiently
small.
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The last example does not fit into the pattern of Lemma 18 and, indeed, it
displays different behaviour altogether—Dirichlet series converge regardless of
the value of g > 0, as long, of course, as |dr,| is sufficiently small.

The radius of convergence of M (after an obvious change of variables) is
more generous than of the function M from §4. This should come as no
surprise, since M has been derived by counting all members of W. In the case
of (5.9) all the g s, save for one, vanish and T forms a small subset of W.

6. A RATIONAL EQUATION

A natural step in generalizing (5.4) consists of replacing a bivariate polyno-
mial in y(¢) and y(qt) by a bivariate rational function. In the present section
we present a preliminary result of that kind. For the sake of clarity we restrict
our analysis to the simple equation

by(t)

6.1 "t) = ————,
(6.1) yi(1) T+ ay(al)
where ¢ >0 and a, b # 0. Letting again

y()=> dre*,  t>0,
TET
we derive upon substitution into (6.1) the equation
> (1 - Ar)drexp{birt}

TeT

=a Y Andrndrnexp{b(Ar, +gir)}.
Ty, THET

y(0)=yo,

(6.2)

It is easy to deduce that the composition rules for the equation (5.9) are valid,
hence the set T is the same as in the latter part of §5 and Table 4. However,
the recurrence for dr is different and it reads

alT
dr = 0 —/1]1 drdr,,
T having been derived from 7; and 7> by (5.10).

Bearing in mind Proposition 21, we can prove, by revisiting the technique of
the previous section, that

(6.3) dT=@-<dT—°“) , ordT=2n+1,
rr q
where
Ar, +q Y(Ar, =1
(64) rr=rr(q) i= - L2 L= D (g,

Since Ay =1+&(q), q — 0, it follows that rr is a rational function in g and
that |ry| has nonnegative coefficients. Table 5 displays the functions pr (from
§5) and rr for ord7 < 7.

An examination of Table 5 is suggestive of the assertion that pr is the nu-
merator of rr. This can be easily proved, dividing (5.13) by (6.4),

()--(2) ()
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Table 5. Functions pr and rr for ordT < 7

|order | tree _ | pr _ | rT__
1 o 1 1
3 ._I 1 -1
5 .l} l1+4 -(1+9)
| l 2
2 —]._H
7 A>} (1+9(1+9+¢*) | 1+9(1+a+4%)
A{) 2(1+29) A
-~ I: YV 2+¢ —f—:_z
| .AZI a+oe+e | -LELELD
LT s :

(1+¢)(1+29)
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Since pr,/rr, =1, it follows by induction that pr/rr is a polynomial, con-
sequently pr is indeed a numerator of rr. We conclude that, since the denom-
inator of rr has nonnegative coefficients, necessarily |rr| < pr. Therefore, if
the Dirichlet series for (6.1) converges, then so does the Dirichlet series for (5.9)
(with a replaced by w). This, however, is of limited significance, since we al-
ready possess in Theorem 25 a convergence condition for Dirichlet expansions

to (5.9).
Let us suppose that ¢ > 1 and set
X
F(x,y):= —-
v+
Therefore,
(6.5) Ir7' = F(Ar,, An)Irz [ Irg)

provided that T has been composed from 7, and T;. It is straightforward to
verify that ¢ > 1 implies that F/9x >0, 0F/0y <0 forall x,y > 1.

Proposition 26. Provided that q > 1, every T € D, obeys the inequality
(6.6) l+ng<ir<l+gqg+---+4q".
Moreover, there exist U, , V, € D, such that

Au,=1+nq, Ay =1+qg+---+4q".
Proof. We use induction on n. (6.6) is certainly true for n = 0. Otherwise
there exists k € {0, 1, ..., n— 1} such that
Ar=Air,+4qhr, TieD, TheD, 4,

n—k—1 n

k n—k
<Y P+a Y. =Y d-@-1)> ¢
Jj=0 Jj=0 j=0 j=1

Since g > 1, the upper bound is true. Lower bound can be proved in an
identical fashion.
To prove that both bounds are attainable, we specify U, and ¥, explicitly,

o n times
Un = ._I_I ...... I_I and V,=

v
n times

It is trivial to prove by induction that U,, V, € D, and that they obey the lower
and the upper bound, respectively, since U, is composed from U,_; and T,
whilst ¥V}, is composed from T, and V,_;. O

Corollary. For every n>1 and k € {0, 1, ..., n— 1} it is true that

(67) F().TI s /17‘2) < F(ﬂ.yk s A.U”_k_l), T] S ]Dk , T2 € ]Dn—k—l-

Proof. Follows at once from (6.6), since F increases monotonically in its first
argument and decreases in the second. O
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Let
hk = F(AVk ) j'Un—k—l)

qk+l_1
Tgk+(n-k-1)g -(n—-k-2)g-2’

It is an elementary exercise to prove that A, > b, k =0,1,...,n—2.
Consequently,
q" -1
h <hp_y= ———= k=0,1,...,n—1.

qﬂl_‘_q 2_q,

It follows from (6.7) that F(Ar, , Ar,) < ¢ and we deduce from (6.5) that
(6.8) It < alrg ez -

Let us assume that |r7, 1< q¥T), j=1,2. Then, according to the inequality

(6.8), |rp!| < g¥(T+v(T)+1  We conclude that |r7'| < g¥(7), where y(T,) =0
and y(T) = w(Ty) + w(T2) + 1. Thus, y obeys exactly the same recurrence
and initial condition as y and, by Proposition 22,

(6.9) Ir7ll<gq", T €D,

Theorem 27. Let q > 1. Then, for every |dr,| < 1/(4|a|), the Dirichlet expan-
sion of the equation (6.1) converges in an interval of the form [0, t*), where
t*=o00 if Reb<0.

Proof. Similar to the proof of Theorem 25, except that, by virtue of (6.9), (5.15)
need be replaced by

|dr| < |dr,|\dr,al", n € D,.

As before, the existence of a Dirichlet expansion, in tandem with the material
of §3, go a long way towards explaining the asymptotic behaviour of y as 1> 0
in the case Reb < 0.

The remaining case, g € (0, 1), is considerably easier.

Theorem 28. Provided that q € (0, 1), the Dirichlet expansion of the equation
(6.1) converges in an interval of the form [0, t*), where t* = 0o if Reb <0,
provided that \dr,| < q/(4lal).

Proof. Given T,, T, € T, set

ar,
/17'2 + t_l(ﬂ.Tl — 1).

G(t) ==

Since Ar,, Ar, > 1, G is monotone in ¢ and
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AT,

=— <1,
;|-T1+A-T2_1_

0<G(t) <G(1)
Therefore we deduce from (6.4) that |r7'| < |r7'||rg!|. The remainder of the
proof follows along identical lines to that of Theorems 25 and 27. O
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